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LAMINAR PIPE FLOW WITH. INJECTION
AND SUCTION THROUGH A POROUS WALL#+

By

So Wo Yuan# and A, Finkelstein#s#

Polytechnic Institute of Brooklyn

SUMMARY

The effect of injection and suction at the wall on the two~dimensional
steady-state laminar flow of a fluid in a porous-wall pipe has been investigated

in detail by the solution of the Navier-Stokes equations in cylindrical coordin-

ates. An exact solution of the dynamic equations, reduced to a third-order non—
linear differential ecvation with appropriate boundary conditions, is obtained,
A perturbation method was used to solve the latter equation for both small and

large flows through the porous wall,

The veloclty components are expressed as functions of the ratio of

velocity through the porous wall to the maximum axial velocity at the pipe
entrance, the coordinates of the pipe and/the physical properties of the fluid,
The results show that the effect of injection at the porous wall of
the pipe is to increase the friction coefficient at the wall, For an injection
ratio é} = ,01 (SOO=£Re 4 2500) the friction coefficient at the wall is ine | e

creased by 70-85% over the zero injection case (Poiseuille case),

“
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INTRODUCTION

Studies of the pr?blpm of cooling rocket and Jet motors by the
\

diffusion of fluids throu%h porous metal combustion chamber liners have °°
been made by means of the?investigatibn of the boundary layer behavior
along a porous plate ﬁith fluid injection [1]*. Laminar flow in a two
dimensional channel with porous walls has also been investigated for
extremely small suction velocity at the wall [2]. Since Ehe problem
of the flow through a porous-wall pipe with injection has not been
thoroughly investigated, the purpose of this work was to obtain the
basic phenomena of this type of flow which weould provide a guidarice
for the investigation of turbulent pipe flow with injection or suction.

Another important application of the results of this study is to
the boundary laver control for decreasing drag and inecreasing 1lift of
airplane winps. In this cénnection the boundary-layer flow is sucked
through tHe surface of the wing to a duct, The ensuing flow in the
duct simulates the problem of flow through a pipe with fluid injection
at the walls, '

In the present invest;gation an exact solution of the Navier-Stokes
equations in cylindrical co@rdinates with injection or suction as a
boundary conditisn at the wall was obtained. On ths other hand the
problems of flow on a porous flat plate or cur?ed Wuli Wery previougly
made by the approximate solution of Lthe Pr;ndtl boundary layer equations.

The assumptions made in the bresent svudy were: (1) the fluid is
incompressiole, i.e, the nass density and the viscosity of the fluid were
assumed Lo be constant: (2) the main flow was assumed to be laninsr, an

the fluid flowing in the axisl dirsction and the rluid flowing through the

o e e . e v, -

FHumbers in brackets refor fo Pibliogravhy.
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porous wall were assumed homogeneous; (3) the maximum axial velocity at

the entrance of the porous-wall pipe is equal to the maximum axial velocity

in the Poiseuille's flow; and (4) the fluid flowing through the porous wall

is uniform throughout.

Fundamental BEquations

o o

The three-dimensional steady flow of & viscous incompressible fluid
is governed by the fellowing set of basic, laws of fluid mechanics. From

Newton's Second law, the Navier-Stokes equations were derived as follows:-.

2 L4

(%.V)CZ-_—-J—!— véd 4+ UV .
| : (1)

-~

From the princinle of conservation of matter,

‘ z (2)

If a curvilinear coordinate system is introduced with the origin at

3
the center of the cross-sectionvhere x is taken in the direction of the
flow, r in the radial ¢irection and 8 the azimuthal angle, and the ordinary
L]

vector curvilinear coordinste transformations are used, the Havier-Stokes

and continuity equations become
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where u and v represent the x and r components of the velocity at any

point (see Fig. 1) and j%; = O because of axially symmetric flow.

The above equations will be used to investigate the fluid flow in

a circular pipe with a porous wall through which uniform fluid injection

- e

or suction is applied. The boundary conditions are

R at r =0 s Vo= ?_(/.L_—_- 0
’ 3 g
~ 7{ €
at r = R, =0 Vi =V = (onsT (6)
For a two—dimensional incompressible flow a steam function exists -

@

such that

Yu = ii ~)’V:3f_
r / 2 X

(7)
and the centinulty equation (5) is satisfied.

For a constant fluid injection or suction at the porous wall and the

given boundary conditions, the following stream function is introduced:

v =[a+8x]f)

(8)
. r 2 . .. . . . o
where 1) = Cﬁ) » The constant A is determinad fr s the condition at

= O and x = 0 where Lhe maximum velocity for Poiseuille!'s flow
f o :
exigts. The constant B is determined from 1he law of conservation of

matten The stream function can then be axoressed ass
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From Egs. (5) and (7) the velocity components in the direction of

flow and the radial direction are given by

: A /
u =_u°/f~,(—’c)+ el fo)

2y L)

Vo
(11)

where X = %;Q and Ry fé¥? . The function ;£(7) appearing in

the above ecuations is the only unknown yet to be determined 4in terms of

the distance varsmeter 7_ 5q. (11) indicates that ths radial velocity

becomes a function of 7 only. This is because cf 'he

constant velocity Vo at <the wall,

By introdueing the expressions o u and v from [gs. (1¢) and (11) into

AY

the Fgs. (3} and (4) there result

2 V4 n 1
L +4}é, ‘"g"][ﬂ;({iffj“”'”[*/)j (12)

2 fr
2 Y,
Ty ) oS /= F(y)
Since the right-hand side of kg, (13) is a funciion of ? only, diffe

of both sides of it with respect to x yields

.
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Hence differentiating Eq. (12) with respect to 7 gives

S A AN

(15)
which is to be satisfied for all x.
Integratiﬁg_Eq, (15), one obtains
n 1) ,zm I/l — C
5§ = N (F - 4F7) =
(16)
for A</, and
,,Z 17; / "y ” k
7 '[f “':(7f *f)=
(17

for X‘>I 3 wWhere c and k are the constants of integration to be

determined. The boundary conditions are obtained with the aid of igs. (6),

{10) and (11). Thus:

f(o’) :;f"(’):() . Lom V’?{(?}:O

~
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4
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2
(18
Fq. (16) is an ordinary non-linesr differential equation of the third
order which resulted fromthe Navier-Stokes equations snd the continuity
equition by the similarity transformation.With the aid of the four given

bourndary conditions an exact solution can be obtained and the constant of

interration C determinaed,




It can be seen that the limiting form of iq. (16), by leytting s
approach to zero, is the equation describing a flow through a circular
pipe with permeable walls. The solution of this equation which satisfies
all the four boundary conditions given in Eq. (18) is the well—~known
Poiseuille's law for pipe flow. TIf small values of A are treated as
a pertubation parameter a solution of Eg. (16) can be obtained which will
be discussed in‘the next section,

On the other.hand, if larse values of A are treated as a pertubation
parameter the third order differential equation (17} is reduced to a second
order one. The solution of 24, (17) can also be obtained in the sume manner

since all four boundary conditions given in Eq. (18) can be satisfied,

SOLUTION FOR SKMALL A

The solution of Ig. (16) can be expressed for small value of A ,

by a vower series developed near- A\ = 0 as follows,

.

f=for M WA 0,

(19)

and

2 n
cC = C + AC + AC 4 2 A6,

(20)
where the f.'s and  e,'s are taken to be independent of N\ ,

By substituting Ius, (19) and (20) into EG. (15) and equating cosfficients of

like powers of A s One obtains the following set of etuations:

(”1)
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(23)
The boundary conditions to be satisfied by the fn's ars from Eq. (18)
’ [ f‘l ) 7[
2 1) = 0 m o fn £ ( =0 or all p
£ (o) = £, A w7
/
AL I
f; ﬂ) = , n > /
(24)

The second-order perturbation solution of Eq. (16) obtained by solving

-

Zgs. (21) to (23) is given ss follows:

7 1t 7 9*
FO =) aCF g -7 L)
Z_{_i _ 17 2 " 3 /9 ) 5 / é
'*)\(54067 }“4‘37*7377*@7 R ) = e Tl Y
(25)
~ - _ 3/‘.‘,~_'_’__ z
C = - .5,&270/\
[ (26)

It 1s seen from the above eGuations that the sccond-order rerturbation
solution is sufficilently accurate even for A =1l. The volocity components
in the—axial and radial directions are obtained by substituting bg. (257 ints

5
¢

Eos. (10} and (11), respectively as follows:

LA
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(28)

The pressure distribution in the axial and radial directions are
obtained upon the substitution of Eq. (25) into Zgs. (12) and (13), and

intesrating. Then one obtains

blo o) - Plx r)
iy
2

_ - 8 3, ")t / A x y,.x
—E[”'Z”\ 27’\][][//0)+2£,3R/(R)

2 2 ) . ’
“42) —7i - Bt - St ]

(29)
The pressure drop in the flow direction can be resdily obtained rom Eq.
(29), i.e.

’O.,/O yo- £ (‘x« ’V/) - / ) f / )‘ % “')(
LA LA T VR Jl v o 2]y
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The coefficient of skin friction at the wall czn also be obtained from

(27), and can be written

L _ / A X A _BA
Cf T oPap —;["73*:?:5» ! 4E7€][ 2. f40
’_l— 00

(31) s
SOLUTINH FOR LARGE A _
The solution of ig. (17) can he expressed for large wvaluegof A ,
by a power series developed near 7% = 0 as follows:
1 ! .,
)[—7(0*/\7(,*,\77[2*" +A,,£,
: (32)
and
/ / ’
ko= kot mR ke ank,
’ (33)

mwhere the fn’s and k ts are taken to be independent of )\ . By
n

substituting Zns. (32) and (33) iato Eg. (17) and setting all coefficients
of like vowers of L

equal to zero, one obtains the following set of
\

equations:—

' o {348
}

Fof -2 /f ][,,r = ,.’:"Z,L (775';7{’):,{; (35)




The boundary conditions to be satisfied by the fn's are from Eq. (18)

/n (O) = }(n’(/) =0 . Z_,'n) Vl’?](,;h(?) =0 for all n
. , 7-’0

fol) = % \ (37
f, (=0, 1z / .
The first—order perturbation of gq. (l?),lqptained by solving the
non-linear second-order Eg. (24) and the linear second order Eq.’(BS),
is given as follows:
f9) = £4n g + —’/[;;_13 751‘/5]@5—’17
2 2 A ’ tHpa .j”7g§ 2/
+ ['H _f.ﬂij// i Efff ][/ 2 finZon -1 cos I ]
2 7€ '.‘Slhgg T 27 7 52‘7
. 2z
i 3 + 4k 7 *z
—_ — _*15 LU
L2 re 13 / / /
(38)
R = -o0c¢cicss — 13283
A
(39)

where
3 1 l/
H.._;_\.z/_ggf 0.72708
) ! g -7
e 2 j/’)ZE
) . 3 4 ;
f? o= «q + El e ,ZL ..._éii = i -
2 4 e 6 4 STy hEes
-, “ .
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11.

The velocity components in the axial and radial directions are obtained

by substituting Eq. (38) into Eqs. (10) and (11), respectively as follows:

U / 4 ;i._f Teos I A 3 oo
Uy — [0-7654 s 08437 Re R ][4 el )‘“f ]
A (40)
Ve _ Z.A. /_i_f,,i)—,?' +_I_f+.-.
% T Rs IR A !

(41)
The pressure distribution in the axial and radial directions are
obtained upon the substitution of Eq. (38) into Bgs. (12) and (13), and

integrating

/ A €y, x
f(o/;)c-'f(’(,rj _ XT/\ [oé1€88+ -L (13 2$°3)][m ’LZ?eR—](E)
Y ne
2

A

At g A - S
+ 4(Fe)7+gke‘hf Frel]

(42)

The pressure droo in the flow direction can be readily obtained fromn g,

(L2Y, 1.,




The coefficient of skin friction at the wall can also be obtained from

Eq. (40), which is

' Ll / A X ad, (¢ /fj4)+...]
= + 4L 2 + L
% Ke [0.78:4 . Ok437 ee R I[5+*5
A

(44)

DIECUSSION

The velocity distributions in the main flow direction at an arbitrary
cross—section of the pipe as calculated from Eg. (27) for A = +1 and
from Eq. (40) for A = 10 are shown in Fig. 2. It was noted that when

A = 0 the profile becomes Poiseuille!s paroboloid, and for A > 0

(fluid Leins injocted throu~h the wall) the axial valecity increases and
the velpcity rrodient at the wall incresses. For A< O {(fluid being
withdravr throuzh the wall) both the axial velocity and the velocity gradient
at the wall decr2iass as compiared with Poiscuille's case. The above phenomenum -
follows the law f conservation of matzer. In the »resent case the radial
velocity, which vanishes in Poisenille's cace, has a finite magnitude except
at the center of the pipe whereiit vanishes.

In Fig. 3 the maximum velocity distributions along the axds of the pipe

o
wis shown. The increase of maximunm velocity with the increase of fluid

injection at the wall and decrease »ith suction wers illustrated in Fig. 4.

Tt was interesting to learn that for an injection ratio ¥ = ¢.0/ (Re = 1000)
u 3
o]

the maxirmm veloclty incresses about 35% over the Poiscuillets flow case.
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The pressure drop in the main flow directioh is shown in Fig, 5. It
was found that this pressure drop became appreciably larger, even .for very
small fluid injection at the wall, than that in the Poiseuille's flow case,
and it became appreciably less for smgll suction case. The ratio between
the pressure dron in the radial and the axial directions is approximately
equal to the injection (or suetion) ratio 7% and hence the pressure
drop in the radial direction can be neglected in most practical applications.
One of the essential parameters in the present investigation is the "
skin friction coefficient at the wall. 1In Poiseullle's flow the skin
friction coefficient at the wall, ;; > has a constant value of —g; g
The wall frictional coefficient as calculated from Egs. (31) and (44)
indicates that the effect of injectiorn in a pipe flow is to incresse the
wall frictional coefficient and the suction to decrease the wall frictional
coefficivnt., Tn 3 boundary-layer flow on s porous flat plate the effecet
of fluid injection at the wall is to increase the thickness or the boundary
layer and decreaée the velocity gradient at the wall, hence the wall friction
decreases in this case. oOn the other hand in a pipe flow the effect of
fluid injection at the wall is to accelerate the main Stream velocity hence
the velocity gradient at the wall which determines the wall friction increases,

For a2 fiuid injection ratio %é. = OQL the wall frictional coefficient

(]

.

increases by 859 over the Poisenillets flow case. The above phenomena were
shown in Figs. 6, 7 and 8, The comparison of the variation of local wall
frictional coefficient with fluid injection between the case of flow in

a porous-%all pipe and on A flat plate was shown in Fig 9.

-,




3,

by

Bibliogzaggx

Yuan, s.w.,, Cooling by Protective Fluid Films, High Speed Aerodynamics
and Jet Propulsion, Vol. V, Section F, being published by
Princeton Press.

Berman, A., Laminar Flom in Channels with Porous Walls, Jour. of Applied
Physics, Vol, 24, No. 3, September 1953,

Yuan, S.%., Project Squid Semi-Annual Progress Report, pp. 52=54, October

'S

1, 1953.

McLachlan, N.W., Ordinary Hon-linear Differential lquations, Oxford Press,

19501 DPe 143‘46 .




N

NOILD3IrNI HLlim

3dld SNOYOd v 9NOTV MOTd | '9OI4

n 3
> <Y
NOILONS Y04 X - n
OILD3CNI ¥O4 X +) o
A




=3 <0 X SNORVA ¥O4 NOILDTNIC
IVIAYY NI HLONTT SA S3408d ALIDOTIA 2 OIA

n

m
vl 2| ol 80 90 0 20 0

¢ 0




0.3 i

x:liy

o]

0.2 i

—0.05

FIG.3 MAXIMUM AXIAL VELOCITY DIFFERENCE Vs
LENGTH IN THE FLOW DIRECTION (Re=10)

—— —



——

e — , ; ,
[ FIG.4 MAXIMUM AXIAL VE- |
LOCITY DIFFERENCE Vs IN- x
0.032 JECTION OR SUCTION RATIO
2| FOR VARIOUS X Re=10"
: PN - |
of 0.024 r
do -
0.016
jﬂ'
Il | o
x|
0.008 3
‘i ||ﬂ'r T
O -+
N o o
o o 1Y% =
3 3 'Tul S 0.90}
o o o
~0.008 .
1 o.70f /
4<n<32
- 0.016 ' : -
-1=2<0
{ 0.50} - Vi
-0.024 \ : g
: 1 0.30}
~0.032 / ;
|_ / ,
1 o.of 3
w« S & 5 §uy
-0.040 Ole e ? 2% o




! P I ; Como s e e en e S i
1.8 f— | _ j{/
/A
(0,n)-p(x,r)| / Re=3000
puZ /2
. 4l /

1.2 . /
=10 /
Re=1000

/

I.Of— a

0.8 VA

0.6 /

Bl g el

0.4 /4

A
| 4
0.2
el .
y . 7 | i i
0 4 8 2 5 18 20 24

FIG.5 AXIAL PRESSURE DROP Vs LENGTH
~ IN FLOW DIRECTION FOR VARIOUS x

-



4-6 L] [} I 1 d
A=) |
C; !
4.2
. A==|
3.8
e B 5= i

ol_ A 2 1 4 ‘| 6 -E a i ” |Q

F1G. 6 VARIATION OF WALL FRICTIONAL COEFFICIENT
N FLOW DIRECTION FOR VARIOUS X (R.=10°)

T e e

e R T

—— —m_wwmw_ r
-



3.8

3.6
-lﬁ:\.io\
3.4
3.2
3.0 - ,
F 0 0.0002 0.0004 00006 0.0008 000!
' ‘ |_"&!
u'o

FIG.7 VARIATION OF WALL FRICTIONAL COEFFICIENT WITH

|NJECT|0N AND SUCTION RATIO FOR -igx«l
_ (Re =1 0, X = |o) i Ve RS gt




JeagE ol

L . 1 1 A 1 = | 1 1 A
(o} 0.006 0.012 !.2 ool8 0.024 0.028
u.o :

FIG. 8 VARIATION OF WALL FRICTIONAL COEFFICIENT |
WITH INJECTION RATIO FOR LARGE X (Re=10%,-%-=10)




i e
,,,,,,

; 005

003
002

o0l

L iy

.006

004

002 004 006 008

==
R

;:(:.jo’,’

o

FIG. 9 VARIATION OF LOCAL WALL FRICTIONAL

- COEFFICIENT. WITH FLUID  INJECTION




